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Introduction

The purpose of this semester’s Kleine AG is to prove the following theorem, which was conjectured! by
Andrew Ogg in [8], before being proven by Mazur:

Theorem (Mazur’s Torsion Theorem). Let E be an elliptic over Q, then the only possibilities for the torsion
subgroup of its rational Mordell-Weil group are:

Z/nZ for n<10 or n=12
or
Z]2Z X Z/2mZ for 1<m <4

This is an interesting theorem for many reasons. Firstly, one might notice that, a priori, there is no clear
reason why the torsion should be bounded at all, but indeed this was a breakthrough in a series of results on
bounds on the torsion of abelian varieties defined over number fields. Secondly, its proof introduced many
new techniques now popular in arithmetic geometry for the study of Galois representations and serves as
a great motivation and example of why these are such central objects nowadays. Further, Mazur’s Torsion
Theorem is needed in order to prove Fermat’s Last Theorem. An even longer and more precise motivation
to read the Eisenstein ideal paper might be found in [1].

This Kleine AG is also planned to attract students with different backgrounds, increasing the difficulty
throughout the day. Indeed, the first two talks will only assume as a prerequisite algebraic geometry on the
level of Harthshorne and might provide students several classical examples which cannot be covered in basic
courses. Master’s students are therefore invited to come and see techniques they learned about during the
first year, applied towards a result which might serve as an inspiration for their future studies. PhD students
might find interesting to learn the details of this proof and might be led to delve deeper into the original
papers of Mazur, who writes wonderfully. Others might just come to get together, meet students from other
universities and have some fun while doing math.

The location will be Bonn and the date is the 2nd of October 2025. The talks will all last one hour and start
at 10:00, bearing in mind that probably PhD students will show up directly for the second one. We will get
lunch together after the second one, at around 12:30. The talks will resume in the afternoon at 14:00. The
times are sharp, with no 15 minute delay. On the next pages, you will find the outline of the talks. If you
are interested in giving a talk please contact us and tell us which ones you might like.

IBeppo Levi almost stated this conjecture already at the 1908 ICM, but not quite. See [9] for more details.



First talk: Crash course on elliptic curves. 10:00

Start with the definition of an elliptic curve over a field, Weierstrass form and define addition. Explain that
its C-points can be seen as the quotient of C by a lattice, and what this tells us about the torsion subgroup.
State the Mordell-Weil Theorem, noting the difference from the situation over C. Explain what a 2-torsion
point is and how to compute them from the Weierstrass form. Recall Nagell-Lutz, briefly say what the gist
of the elementary proof is. (If you have time, this would be a good moment to give an example of an elliptic
curve over Q with a rational point of, say, 5-torsion.) Using duality, show that the torsion points defined
over the rationals can only be a cyclic group or a cyclic group times Z/2Z. Reference: [11].

Second talk: Reminder on modular curves. 11:15

Explain the construction and the moduli interpretation of modular curves as compact Riemann surfaces by
taking the quotient of the upper half plane by an arithmetic subgroup I'; the only relevant cases for us are
given by SL(2,Z),T1(p),To(p), where p is a prime number. Explain how we can compute their genus using
Riemann-Hurwitz, without writing down all the explicit computations but by instead drawing a picture.
Highlight the primes for which ¢g(X;(p)) = 0. Then explain that this has a model over QQ, mention that the
cusps are defined over QQ, and explain why this gives us infinite families of examples for the cases in which
the genus is 0. Now highlight the connection to the statement of our theorem and explain that our strategy
from now on will be to study the rational points of the modular curves relevant to each moduli problem.
Remind the audience what the Jacobian of a curve is and what Hecke correspondences are, including their
action on g-expansions of modular forms. Please contact us and the speakers of the last two talks in order
to keep notation steady and lighten the latters’ work. Reference: [10].

Third talk: Eliminating small values. 14:00

This talk is meant to prove or at least mention the only cases outside Mazur’s proof. Prove that there is
no 13-torsion point, this is done in [6] and is an example of the general strategy. Then you will need to
eliminate all possible cyclic groups whose order is divisible only by p = 2,3, 5,7 which do not appear. These
are: Z/NZ for N = 14,15,20,21,24,27,49 (treated in [3]), then N = 18,25, 35 (Reference: [2]) and N = 16
was first done in [4]. The only remaining cases to be excluded are Z/2Z x Z/10Z,7 /27 x Z/12, which are
again done in [2].

You have some freedom about which of these you want to talk. Our advice would be, if enough time is left,
to talk about the work of [2], while just mentioning the results of [3] and [4].

Fourth talk: Mazur’s second proof, part 1. 15:15

The goal is to explain the second proof Mazur gave of the theorem, following [7], assuming the finiteness
of the Mordell-Weil group of the Eisenstein quotient. We suggest you work backwards, reducing Theorem
4.1 to Corollary 4.3, then Corollary 4.3 to Proposition 3.1 and the existence of an optimal quotient of the
Jacobian of Xo(N) with finite Mordell-Weil group over Q. Explain the proof of Proposition 3.1 and then
construct the Eisenstein quotient, whose main properties will be proved in the last talk. The reference for
this last part is clearly [5], precisely Chapter I, §§6,10. Try to at least state Proposition 9.5, the definition
of the Eisenstein ideal, 9.7 and 9.8.

You can assume a wider background from the audience than we did in the previous talks, but we would
advise you to recall what a formal immersion is. Please keep in touch with us and the speaker of the last
talk so as to keep notation steady and avoid overlaps.



Fifth talk: Mazur’s second proof, part 2, the Mordell-Weil group
of the Eisenstein quotient is finite. 16:30

The goal of this talk is to prove the main assumption left out in the last talk: for p a prime bigger than 7,
there exists an optimal quotient of the Jacobian of X((p) which has finite Mordell-Weil group. The plan is
the following: pick up where the last talk finished; then explain in detail the proof of Prop. 14.1 in Chapter
IT of [5] and finally prove Theorem 3.1 loc.cit. This is comprehensibly a lot of material and you can surely
blackbox any result on admissible groups, but it would be nice, if time allows it, to expand on the Galois
representation associated to primes which are not Eisenstein, which is Proposition 14.2.
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